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Analysis of the highly excited vibrational dynamics of HCP using
a high-order Fermi resonance Hamiltonian
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Based on anab initio potential energy surface, the features of the quantum spectrum of HCP have
been recently discussed in terms of the periodic orbits of the exact classical Hamiltonian@J. Chem.
Phys.107, 9818~1997!#. In particular, it was shown that the abrupt change in the bending character
of the states at the lower end of the Fermi polyads, at about 15 000 cm21 above the origin, can be
ascribed to a classical saddle node bifurcation. The purpose of the present article is to show that the
use of a very accurate Fermi resonance Hamiltonian, which was derived very recently from
high-order perturbation theory@J. Chem. Phys.109, 2111~1998!# can provide a still deeper insight
into the highly excited vibrational motion. The principal advantages of the resonance Hamiltonian
compared to the exact one rely on the remaining good quantum numbers and classical action
integrals, which enable one to consider HCP as a formal one-dimensional system parametrized by
the polyad numberi and the numberv3 of quanta in the C–H stretching motion. It is shown in this
article that all the quantum observations can be interpreted and explained in terms of the positions
and bifurcations of the fixed points of this one-dimensional system: the shape of the quantum wave
functions depends on the stable elliptic fixed points, whereas the dip in the gap between neighboring
quantum levels is governed by the unstable, hyperbolic fixed points. The dependance onv3 of the
bending character of the lowest states in each polyadi is discussed in some detail, whereas the
previous work was fundamentally limited tov350. Moreover, the dependence oni andv3 of the
form of the dip in the distribution of the gap between neighboring levels is given a clear explanation.
© 1998 American Institute of Physics.@S0021-9606~98!00543-1#
o
s
je
d
th

n
n-
tu
ire
y
e
ic
s
a

io
al
sy

sfor-
bles
o

cu-
a-

n
f

n–
o
-
hat
tum
for
d to
ic

ns.
ns

in-
I. INTRODUCTION

The choice of a working set of coordinates is often
fundamental importance in physics. However, several set
coordinates might be needed for the same physical ob
according to what property of this object is being studie
For example, Jacobi coordinates are well adapted to
variational calculation of the quantum eigenstates ofab initio
potential energy surfaces~PES!. Nevertheless, the extractio
of further dynamical information—like the simple assig
ment of the eigenstates according to approximate quan
numbers or the search for classical periodic orbits—requ
substantial efforts if performed in the same coordinate s
tem: assignment is usually achieved through visual insp
tion of each wave function, whereas sophisticated numer
tools like multiple shooting algorithms or damped and qua
Newton iterative methods1 are necessary to find the classic
POs.

Fortunately, there exist several canonical perturbat
theories, which enable one to find coordinates specific
adapted to the study of the dynamics of each particular

a!Electronic mail: marc.joyeux@ujf-grenoble.fr
8340021-9606/98/109(19)/8342/13/$15.00
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tem. These methods consist of successive canonical tran
mations, that is, transformations of the phase space varia
that preserve the form of Hamilton’s equations. The tw
theories, which have been mostly used in the field of mole
lar vibrations, are known as canonical Van Vleck perturb
tion theory~CVPT!2–7 and Birkhoff–Gustavson perturbatio
theory ~BGPT!.8–14 CVPT, which is the quantum analog o
classical perturbation theories based on Lie operators,15–22

has been successfully applied to molecules like CHD3,6

H2CO,7,23,24 isotopic derivatives of water,24,25 HCN,23,26,27

C2H2 ,26,28 CO2,26 SO2,24 AlF3
29 and SiF3

1 ,29 and to the
study of several physical properties, including rotatio
vibration interactions24 and infrared absorption intensities t
highly excited states.23 CVPT was used to rewrite the vibra
tional Hamiltonian of these molecules in such a way so t
in the new coordinates there remains one good quan
number for the triatomic molecules and sometimes two
the larger ones. In contrast, the version of BGPT adapte
nonexact resonances30 has been applied to fewer realist
molecular systems, namely CO2

31,32 and HCP,30 and limited
to the computation of energy values and wave functio
This is probably due to the mixed canonical transformatio
resulting from generating functions, which are not easily
2 © 1998 American Institute of Physics
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verted and make the calculation of more subtle details,
infrared absorption strengths or rotational constants, m
complex than CVPT. However, for the two systems that h
been studied so far using Gustavson’s procedure, the co
nate transformations were shown to lead to satisfac
Hamiltonians with two remaining good quantum numbers
to fairly high energies. These Hamiltonians happen to be
those ones that are used by spectroscopists to fit the sp
of molecules with a close 1:2 Fermi resonance or
Darling–Dennison resonance.33–40 They are simple, in the
sense that quantum as well as classical information is der
with little effort, and they are yet very precise: the rece
work of Becket al.,41,42 who calculated variationally the en
ergy values and the wave functions for about a thous
rotationless levels of HCP from anab inito PES at the
MRCI-CASSCF level, served as a reference to illustrate
capabilities of the modified Gustavson’s procedure. Lev
taken into account involved up to 30 quanta in the bend
degree of freedom and comprised 361 levels out of the
395 ones, that is, almost all the levels up to 22 000 cm21

above the bottom of the well~more than half the dissociatio
energy!. Average errors as low as 9.5 and 2.2 cm21 were,
respectively, reported for a 10th-order single resona
Hamiltonian and a 13th-order Hamiltonian with tw
resonances.30 Recent, unpublished calculations of Sibe
show that the Dragt–Finn perturbation theory15,18–20applied
to HCP leads to resonance Hamiltonians, which are clos
those in Ref. 30 and display very similar accuracies.

This first paper30 only dealt with eigenvalues. The pu
pose of the present article is to show that all the dynam
information reported in the work of Becket al.41,42 can be
retrieved simply and with excellent accuracy using t
adapted set of coordinates—and consequently the tr
formed, high-order, resonance-type Hamiltonian. This
namical information mainly consists of a classical ‘‘sadd
node’’ or ‘‘tangent’’ bifurcation at about 16 000 cm21 above
the bottom of the well. This is also the energy range wher
pronounced dip appears in the distribution of the distanc
the nearest neighbor in the quantum polyads and a new
of eigenstates is observed, with wave functions elonga
along the stable periodic orbit emerging from the bifurcatio
Moreover, it will be seen that the difference, which is o
served in the behavior of the wave functions for the sta
with zero and one quantum of vibration in the C–H stret
namely, the smoother evolution of the later ones with resp
to the polyad quantum number, can also be given a c
explanation, whereas this could not be achieved previous42

Also, calculations that are largely unfeasible for the ex
PES, like the derivation of classical action integrals, beco
trivial for the transformed Hamiltonian and help shed ad
tional light on the dynamical properties of the system.
particular, the semicalssical quantization of these action
tegrals leads to a simple classical interpretation of the
which is observed in the plot of the gap between neighbor
quantum levels.

The remainder of this article is organized as follows: t
classical and quantum expressions for the tenth-order F
resonance Hamiltonian, as well as its classical and semic
sical properties, are presented in Sec. II. Section III conta
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a discussion of the shape of the quantum wave function
terms of the stable, elliptic fixed points of the one-
dimensional system. At last, the link between theunstable,
hyperbolicfixed points and the dip in the gap between neig
boring quantum levels is firmly established in Sec. IV.

II. THE FERMI RESONANCE HAMILTONIAN

A. Classical and quantum expressions

The transformed, resonance Hamiltonian that is used
this article is discussed in the second half of the last pa
graph of Sec. III D and in the fourth column of Table II o
the preceding article,30 the order being limited to 10. The
classical expression for this single Fermi resonance Ha
tonian is

E[H5HD1HF ,

HD5(
i

v i I i1(
i< j

xi j I i I j1 (
i< j <k

yi jk I i I j I k

1 (
i< j <k<m

yi jkmI i I j I kI m

1 (
i< j <k<m<n

yi jkmnI i I j I kI mI n , ~II.1!

HF52I 1
1/2I 2 cos~w122w2!

3S k1(
i

ki I i1(
i< j

ki j I i I j1 (
i< j <k

ki jk I i I j I kD .

The (I k ,wk) in Eq. ~II.1! are action angle-like sets of conju
gate coordinates, such that

qk5A2I k coswk , pk52A2I k sin wk ~1<k<3!,

~II.2!
It is reminded that the (pk ,qk) sets of conjugate coordinate
in Eq. ~II.2! are obtained from the deviations from equilib
rium of the curvilinear internal coordinates and their con
gate momenta by performing nine canonical transformatio
a first one corresponding to Wilson’s GF matrix formalism43

plus eight additional ones according to the modified Gust
son’s procedure.30 Nonetheless, the subscript 1 in Eqs.~II.1!
and ~II.2! corresponds roughly to the C–P stretch, the s
script 2 to the bend and the subscript 3 to the C–H stre
~be careful that these notations are not those of B
et al.41,42!. The fact that the Hamiltonian in Eq.~II.1! is just
a polynome when expressed in terms of the (pk ,qk) sets of
coordinates becomes obvious when remarking that

2I 1
1/2I 2 cos~w122w2!5

1

A2
@q1~p2

22q2
2!12p1p2q2#.

~II.3!

Moreover, it is assumed in Eqs.~II.1!–~II.3! that the vibra-
tional angular momentum, which results from the dege
eracy of the bending motion, is equal to zero, in agreem
with the two previous works on HCP, where only the no
rotating molecule (J50) was studied.41,42 If this were not
the case, then only slightly more complex expressions sho
be used.31,32The numerical values for the 75 parametersv, x,
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y, andk are given in Table I. The fundamental frequency f
the C–P stretch (v1'1256 cm21) is seen to be close to
twice the fundamental frequency for the bend (2v2

'1301 cm21), which is the principal reason why the Ferm
resonance couplingHF has to be taken into account.

As discussed in some detail in Sec. IV C of the prec
ing paper30 as well as in Refs. 15 and 44–46, the express
for the quantum Hamiltonian associated with the class
one in Eq.~II.1! is not unique and depends on the way t
coordinates are arranged within each monomial of the c
sical Hamiltonian. The expression adopted by most spect
copists is used in the present work. The matrix element
the harmonic oscillator basis~with a twofold degenerate os
cillator for the bending motion! are

^v1 ,v2,v3uHDuv1 ,v2 ,v3&

5(
i

v ini1(
i< j

xi j ninj1 (
i< j <k

yi jkninjnk

1 (
i< j <k<m

yi jkmninjnknm

1 (
i< j <k<m<n

yi jkmnninjnknmnn ,

n15v11 1
2, n25v211, n35v31 1

2,

~II.4!

for the diagonal Dunham expansion, and

^v1 ,v2 ,v3uHFuv121,v212,v3&

5n1
1/2n2S k1(

i
kini1(

i< j
ki j ninj1 (

i< j <k
ki jkninjnkD

~II.5!
n15v1 , n25v212, n35v31 1

2,

for the off-diagonal Fermi coupling. Equations~II.4! and
~II.5! show that the quantum transformed HamiltonianHD

1HF only couples those levels of the harmonic basis, wh
share the same numberv3 of quanta in the C–H stretch an
the same ‘‘polyad number’’i, where

i 52v11v2 . ~II.6!

Therefore,v3 and i remain good quantum numbers, and t
size of the matrices to diagonalize in order to get the eig
states is only Int(i /2)11. The missing good quantum num
ber is replaced bym, the position of the level inside th
polyad.

In the preceding article,30 the eigenvalues for the PE
calculated by Becket al.41,42 were compared to those of th
single resonance Hamiltonian in Eqs.~II.4! and~II.5!. All the
polyads with no level beyond 22 000 cm21 above the bottom
of the well (i<30 for v350, i<24 for v351, i<20 for v3

52, i<14 for v353, i<10 for v354, i<6 for v355, and
i 50 for v356) were taken into account, that is, 361 leve
out of the first 395 levels. These levels encompass ben
motions with amplitudes of about 120° and variations of
C–H bond length of about 0.9 Å around the equilibriu
value r 151.0768 Å. Despite these very large amplitudes
motion, the average absolute error reported in Ref. 30
tween the eigenvalues~relative to the ground state! of the
exact Hamiltonian and the Fermi resonance approximatio
r
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only 9.54 cm21, the average relative error 0.068%, and t
maximum error 54.60 cm21. It is to be noted that a bette
agreement of about 2.23 cm21 ~0.014% relative error! was
also obtained for a two resonance Hamiltonian.30 However,
the study of the classical and semiclassical dynamics o
two resonance Hamiltonian requires many more efforts t
for the single resonance Hamiltonian,47–49 so that the best
quality/effort ratio is obtained using the Fermi resonan
Hamiltonian in Eqs.~II.1!, ~II.4! and ~II.5!.

B. Action integrals and EBK quantization rules

The classical50,51 and semiclassical52–54 dynamics of
fourth-order, single resonance Hamiltonians have been s
ied recently in some detail, owing to the analytical solvab
ity of the corresponding Hamilton’s equations. Unfort
nately, this analytical solvability does not extend beyo
fourth order, so that only more partial results can be deriv
for the tenth-order resonance Hamiltonian in Eqs.~II.1!,
~II.4!, and ~II.5!. These results are presented briefly in t
remainder of this section as well as in the next one.

A first, immediate result relies on the observation th
the HamiltonianH in Eq. ~II.1! does not depend on the ang
w3 . Therefore, Hamilton’s equation forI 3 is written as:

dI3

dt
52

]H

]w3
50, ~II.7!

which means thatI 3 remains a constant of the motion.
second, simple constant of the motion appears after a fur
canonical transformation, according to

I 52I 11I 2 , J52I 1 , u5w2 , c5
w1

2
2w2 , ~II.8!

whereu is conjugate toI andc is conjugate toJ. The Hamil-
tonian in Eq.~II.1! is then rewritten in the form

E[H5HD~ I ,J,I 3!1HF
~0!~ I ,J,I 3!cos~2c!, ~II.9!

whereHF
(0)(I ,J,I 3) is just

2I 1
1/2I 2S k1(

i
ki I i1(

i< j
ki j I i I j1 (

i< j <k
ki jk I i I j I kD ,

~II.10!

expressed in terms of the new variablesI, J, andI 3 according
to Eq. ~II.8!. Therefore

dI

dt
52

]H

]u
50, ~II.11!

and I is another constant of the motion. A comparison
Eqs.~II.6! and~II.8! shows thatI is just the classical analog
of the quantum polyad numberi. The total energyE also
being a constant of the motion, the Fermi resonance Ha
tonian is integrable, because there are as many constan
the motion~the total energyE, I, andI 3) as there are degree
of freedom. Therefore, the semiclassical Einstein–Brilloui
Keller ~EBK! quantization rules, which associate a classi
trajectory with quantized action integrals to each quant
eigenstate, do apply. For systems with a single Fermi re
nance like in Eq.~II.1! or ~II.9!, it is known thatI and I 3 ,
which have been shown in Eqs.~II.7! and ~II.11! to remain
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TABLE I. The spectroscopic parameters of HCP derived from theab initio
PES of Becket al.42 using tenth-order canonical perturbation theory.30 The
parametersv, x, andy of the diagonal Dunham expansion are given fir
whereas the parametersk of the off-diagonal Fermi resonance coupling a
given at the end. The values~in cm21! in the third column have to be
multiplied by the corresponding powers of 10 in the fourth column. T
second column indicates the perturbation orders at which the paramete
computed.

Term Order Value~cm21! * 10n

v1 2 1256.3980 0
v2 2 650.2906 0
v3 2 3478.8605 0
x11 4 25.170 967 0
x12 4 24.012 687 0
x13 4 22.582 538 0
x22 4 0.208 096 0
x23 4 219.853 446 0
x33 4 263.537 199 0
y111 6 2.473 700 22
y112 6 1.883 996 22
y113 6 25.014 279 22
y122 6 27.276 030 22
y123 6 16.658 929 22
y133 6 223.281 156 22
y222 6 25.501 301 22
y223 6 6.472 447 22
y233 6 242.346 812 22
y333 6 225.052 805 22
y1111 8 0.0139 79 23
y1112 8 1.638 847 23
y1113 8 28.404 511 23
y1122 8 3.936 328 23
y1123 8 210.994 610 23
y1133 8 17.483 841 23
y1222 8 20.234 513 23
y1223 8 22.287 434 23
y1233 8 10.010 756 23
y1333 8 27.303 626 23
y2222 8 20.383 577 23
y2223 8 22.862 644 23
y2233 8 20.747 367 23
y2333 8 10.012 074 23
y3333 8 10.140 344 23
y11111 10 0.300 129 24
y11112 10 20.618 212 24
y11113 10 211.641 981 24
y11122 10 0.553 846 24
y11123 10 6.416 737 24
y11133 10 72.382 808 24
y11222 10 0.915 006 24
y11223 10 21.994 677 24
y11233 10 212.643 421 24
y11333 10 294.044 720 24
y12222 10 0.387 963 24
y12223 10 22.762 436 24
y12233 10 0.694 623 24
y12333 10 8.284 817 24
y13333 10 1.572 057 24
y22222 10 20.085 868 24
y22223 10 20.603 709 24
y22233 10 20.479 593 24
y22333 10 2.218 091 24
y23333 10 5.440 508 24
y33333 10 2.623 910 24
k 3 9.179 464 0
k1 5 22.255 360 21
k2 5 22.275 779 21
k3 5 2.297 235 21
k11 7 7.921 271 23
k12 7 7.617 741 23
k13 7 225.958 086 23
k22 7 22.062 825 23
k23 7 9.376 622 23
k33 7 29.996 156 23
k111 9 20.053 718 24
k112 9 23.671 868 24
k113 9 23.707 140 24
k122 9 23.647 467 24
k123 9 20.452 433 24
k133 9 24.541 256 24
k222 9 2.600 896 24
k223 9 216.243 807 24
k233 9 12.446 095 24
k333 9 213.442 584 24
constant along the trajectory, are also action integrals, w
respective Maslov indexes of 8 and 2.48–52 Therefore, the
quantization rules dealing with these two action integrals
be written in the form

I 5 i 12,
~II.12!

I 35v31 1
2.

Stated in other words, all the levels belonging to a giv
polyad defined by the quantum numbersi andv3 , that is, all
the levels coupled by the Fermi resonanceHF , are associated
with trajectories having the same quantized values of
action integralsI andI 3 . The last action integral, which wa
calledT2 in previous works, is a more complex function o
energyE, I, andI 3 :51

uT2~E,I ,I 3!u5
1

2p E
cP@0,p#

J~E,I ,I 3 ,c!dc. ~II.13!

However, one sees from Eq.~II.9! that it is much easier to
expressc as a function ofE, I, I 3 , andJ thanJ as a function
of E, I, I 3 , andc: indeed,c is just half the arccosine of an
expression depending onE, I, I 3 , and J. Each trajectory
spans an interval of values ofJ, such that the function inside
the arccosine is equal to71 for the two limiting valuesJmin

and Jmax of this interval and is comprised between21 and
11 for Jmin<J<Jmax. The corresponding valuescmin

5c(E, I, I3, Jmin) andcmax5c(E, I, I3, Jmax) are equal ei-
ther to 0 or top/2. Easy calculations show that Eq.~II.13!
can be rewritten in the most useful form:

uT2~E,I ,I 3!u5
1

p
cos~2cmax!

3F E
Jmin

Jmax 1

2
arccosS E2HD~ I ,J,I 3!

HF
~0!~ I ,J,I 3! D dJ

2Jmaxcmax1JmincminG . ~II.14!

The role of the cos(2cmax) term, which can only assume th
values71, is to ensure thatuT2u be positive. Since

]T2~E,I ,I 3!

]E
5

1

v*
, ~II.15!

wherev* is the classical frequency associated with the
tion integralT2

50,51 and is therefore a positive quantity, th
sign ofT2 is then chosen so thatT2(E,I ,I 3) is an increasing
function of E for given values ofI and I 3 . Moreover, the
Maslov index associated withT2 is 2,50–54 so that the last
EBK quantization rule is written as:

T25 i 21 1
2 , ~II.16!

where i 2 is a signed integer. More explicitly, for a give
polyad, that is, for given values ofi and v3 @and conse-
quently of I and I 3 , see Eq.~II.12!#, the quantum levels are
associated with the trajectories with half integral values
the action integralT2 . Plots ofT2 as a function of energyE
and results for explicit semiclassical EBK quantization w
be given and discussed in Sec. IV.
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C. Fixed points and periodic orbits

The Fermi resonance Hamiltonian can be considere
either

~i! a three-dimensional system with three sets of con
gate coordinates (p1 ,q1), (p2 ,q2), and (p3 ,q3); or

~ii ! a two-dimensional system with two sets of conj
gate coordinates (p1 ,q1) and (p2 ,q2) parametrized by the
constant of the motionI 3 ; or

~iii ! a one-dimensional system with a single set of co
jugate coordinates (J,c) parametrized by the two constan
of the motionI and I 3 .

It will be shown in Secs. III and IV that it is this latte
picture, that is the most interesting and fruitful one. For t
one-dimensional system, all the dynamical information
contained in the (J,c) surface of section and the releva
features are the fixed points, which satisfy

dJ

dt
52

]H

]c
52HF

~0!~ I ,J,I 3!sin~2c!50,

~II.17!
dc

dt
5

]H

]J
5

]HD~ I ,J,I 3!

]J
1

]HF
~0!~ I ,J,I 3!

]J
cos~2c!50.

For given values ofI and I 3 , Eq. ~II.17! is just a system of
two equations with two unknowns, from which the consta
values ofJ and c are derived. The stability of each fixe
point (J,c) is related to the eigenvaluesl of the matrix

M5S 2
]2H

]J ]c
2

]2H

]c2

]2H

]J2

]2H

]J ]c

D , ~II.18!

calculated at the fixed point. One obtains

l25S ]2H

]J ]c D 2

2
]2H

]J2

]2H

]c2 , ~II.19!

calculated again at the fixed point. If the right-hand side
Eq. ~II.19! is negative, thenH is an extremum at the fixed
point, the two eigenvaluesl are conjugate complex and th
fixed point is termed astable, ellipticfixed point. In contrast,
if the right-hand side of Eq.~II.19! is positive, then the two
eigenvaluesl are real and opposite and the fixed point
called anunstable, hyperbolicfixed point ~or equivalently a
saddle point!. A tangent ~or saddle node! bifurcation is a
value of (I 3 ,I ), where one elliptic and one hyperbolic fixe
points are created simultaneously. At the bifurcation,l is
necessarily equal to zero for the two fixed points, so that
bifurcations can be found by solving a system of three eq
tions @Eqs. ~II.17! plus l50 in Eq. ~II.19!# in the four un-
knownsI, J, I 3 , andc. This resolution gives typicallyI as a
function of I 3 , or conversely.

The (J,c) fixed points are also periodic orbits~POs! of
the two-dimensional system parametrized byI 3 . This is eas-
ily seen by rewritingq1 , q2 , p1 andp2 in terms of (I ,u) and
(J,c), according to Eqs.~II.2! and ~II.8!:

q15AJ cos~2u12c!, p152AJ sin~2u12c!,
~II.20!

q25A2~ I 2J! cos~u!, p252A2~ I 2J! sin~u!.
as

-

-

s
s

t

f

e
a-

I, J, and c remain constant at the fixed points, so that t
two-dimensional trajectory returns exactly to the same po
each timeu increases by 2p. A meaningful quantity to char-
acterize the motion associated with this PO is the ratioJ/I : if
J/I is close to zero, then, according to Eq.~II.8!, I 1 is close
to zero, so that the motion is essentially a bending one
contrast, ifJ/I is close to 1 then it isI 2 that is close to zero,
and the motion is essentially a C–P stretch~note thatJ is
necessarily comprised between 0 andI!.

On the other hand, the fixed points of the (J,c) surface
of section are generallynot periodic orbits of the full-three-
dimensional system. Sinceq3 and p3 can be written in the
form

q35A2I 3 cos~w3!, p352A2I 3 sin~w3!, ~II.21!

and because there exists no phase relation betweenu andw3 ,
there is no chance thatw3 increases exactly by a multiple o
2p each timeu increases by another multiple of 2p. As a
result, the-three-dimensional trajectory does not close.
obvious exception occurs forI 350, because in that caseq3

andp3 remain constant and equal to zero, so that the thr
dimensional trajectory returns again exactly to the sa
point each timeu increases by 2p, independently of the
value of w3 . Stated in other words, the (J,c) fixed points
calculated atI 350 are periodic orbits of the full three
dimensional system.

III. STABLE FIXED POINTS AND THE SHAPE OF
QUANTUM WAVE FUNCTIONS

One of the key results in Ref. 42, is that the wave fun
tions of the levels with no excitation in the C–H stretc
(v350) undergo a very sharp transition between polyadi
524 andi 526. Up to polyadi 524, all the wave functions
are rather straightforwardly assignable in terms of the nu
ber of nodes along their ‘‘backbones,’’ which coincide wi
two classical stable periodic orbits~POs! of the three-
dimensional system, labeled@B# and@r1A#. In contrast, start-
ing abruptly from polyadi 526, the lowest levels in each
polyad have wave functions elongated along another st
PO labeled@SN1A#. This PO emerges from a ‘‘saddle-node
~or ‘‘tangent’’! bifurcation, which takes place at abou
16 800 cm21 above the bottom of the well, which is a littl
bit lower than the lowest levels of the polyadsi 524 at about
17 150 cm21 andi 526 at about 18 200 cm21. Moreover, the
@SN1A# PO can be described as an almost pure bending
tion. The situation is not so clear for the levels with one
more quanta in the C–H stretching motion (v3.0). The
general behavior is the same as for thev350 states, in the
sense that the lowest levels of each polyad withv3.0 be-
have like almost pure bending states in the energy reg
somewhat above the tangent bifurcation. However, the tr
sition occurs more gradually and is not so abrupt, as can
clearly seen in Fig. 1. Moreover, the level spacing with
polyads, which will be discussed in more detail in the ne
section, is also different forv350 andv3.0. This further
supports the conjecture that another physical process m
take place forv3.0, the nature of which was, however, n
elucidated in Ref. 42. The purpose of this section is to re
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vestigate the connections between the shape of the qua
wave functions and the classical properties of the syst
taking full advantage of the two remaining constants of
motion of the Fermi resonance Hamiltonian.

The basic information for this study is the bifurcatio
diagram of the fixed points in the (J,c) surface of section,
which is given in Fig. 2. As discussed in the previous s
tion, the search for the bifurcations givesI as a function of
I 3 , or conversely. Bifurcations therefore appear as lin
which separate the (I 3 ,I ) plane into several areas characte
ized by different numbers of fixed points. Two such bifurc
tion lines, labeled TB1 and TB2, are plotted in Fig. 2. Bo
of them are tangent bifurcations, at which a stable ellip
and unstable hyperbolic fixed points are created simu
neously. Below TB1, there exists a single fixed point,
stable elliptic one, which will be called 1E. An elliptic fixe
point 2E and a hyperbolic fixed point 2H are created at
tangent bifurcation TB1; consequently, there exist three fi
points for the values of (I 3 ,I ) between TB1 and TB2. Simi
larly, an elliptic fixed point 3E and a hyperbolic fixed poi
3H are created at the tangent bifurcation TB2, so that th
exist five fixed points for values of (I 3 ,I ) above TB2. The
essential point is that one is able to locate each quan
polyad (v3 ,i ) in the (I 3 ,I ) plane, thanks to the EBK quan
tization rules in Eq.~II.12!. For example, the six black dot
in Fig. 2 correspond to the polyads (v3 ,i )5(0,20), ~0,24!,

FIG. 1. Wave functions in the (g,r ) plane of the lowest levels in eac
polyad for v350 and 20< i<30 ~left column! and v351 and 14< i<24
~right column!. Energy values range from 15 000 to 20 000 cm21 above the
bottom of the well. These are the wave functions for the exact Hamilton
as computed by Becket al. in Ref. 42.g andr are Jacobi coordinates, whic
are close, respectively, toq2 andq1 . Notice how the transition to an almos
pure bending motion is abrupt forv350 and smooth forv351.
um
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~0,26!, ~0,30!, ~1,24!, and~2,20!, which will be discussed in
the remainder of this article. It is seen that three of the
namely (v3 ,i )5(0,20), ~1,24!, and~2,20!, belong to the re-
gion with three fixed points, whereas the three other on
(v3 ,i )5(0,24), ~0,26!, and~0,30!, are located above TB2, in
the region with five fixed points.

More detailed information is obtained by plotting th
characteristics of the fixed points~that is, their energy and
the ratioJ/I ) as a function ofI for given values ofI 3 . Such
a plot is given in Fig. 3 forI 351/2, that is,v350. Note that
in the top plot all the energies are drawn relative tov2(I
12) for the sake of clarity. AsI 3 remains fixed in these
plots, the tangent bifurcations just appear as points, loca
respectively, atI 51.070 and energyE52393.30 cm21 @E
5397.10 cm21 relative to v2(I 12)] for TB1 and I
523.878 andE516 001.16 cm21 @E52826.77 cm21 rela-
tive to v2(I 12)] for TB2. The first elliptic fixed point 1E is
seen to remain the upper limit of the classically access
phase space for all the studied values ofI. It is associated
with a pure bending motion near the bottom of the well, b
acquires rapidly a mixed C–P stretch/bend character: the
tio J/I increases from 0.31 to 0.47 between the valueI
522 and I 532 corresponding to the polyadsi 520 and i
530. In contrast, both 2H and 2E are pure C–P stretch
motions as they first appear at TB1. But, whereas the
stable point 2H remains a pure C–P stretch for all the val
of I, 2E acquires some nonmonotonous bend characterI
varies: the ratioJ/I increases again from 0.74 to 0.83 b
tween I 522 and I 532. Moreover, 2E remains the lowe
limit of the classically accessible phase space until its cu
crosses the energy of 3E just above TB2. On the other h
the fixed points 3E and 3H are created at TB2 with
mixed—though predominantly bend—character (J/I

n,

FIG. 2. Bifurcation diagram in the (I 3 ,I ) plane of the fixed points in the
(J,c) surface of section for the Fermi resonance Hamiltonian. The two s
lines correspond to the loci of the tangent bifurcations labeled TB1 and T
The circled numbers indicate, for each value of (I 3 ,I ), the number of fixed
points in the (J,c) surface of section. This number changes at each bi
cation. The black dots mark the positions of the polyads (v3 ,i )5(0,20),
~0,24!, ~0,26!, ~0,30!, ~1,24!, and~2,20! in the (I 3 ,I ) plane. Correspondence
between the good quantum numbersv3 and i and the classical action inte
gralsI 3 andI is obtained through the EBK quantization rules in Eq.~II.12!.
The dashed line indicates, for each value ofv3 , the highest polyadi with no
level beyond 22 000 cm21 above the bottom of the well.
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50.20). 3E becomes very rapidly the lower limit of the cla
sically accessible phase space, while its C–P stretch co
bution diminishes also subsequently: atI 526, theJ/I ratio is
as low as 0.07 and it further decreases to 0.03 atI 532. In
contrast, the C–P stretch contribution to 3H increases
idly, J/I being already equal to 0.55 atI 532. The energies
of 2E, 2H, and 3H remain very close up toI 532.

The same plot as Fig. 3, but forI 353/2, that isv351, is
given in Fig. 4. It is seen that the fixed points display ve
different features compared toI 351/2, despite the close val
ues ofI 3 . First of all, a single tangent bifurcation occurs f
values of I smaller than 32, namely TB1 atI 50.217 and
energy E55208.51 cm21 @E53767.07 cm21 relative to
v2(I 12)]. Therefore, only three fixed points 1E, 2E, an
2H are observed in the whole range fromI close to zero to
I 532. 1E and 2E are, respectively, the lower and upper l
its of the accessible phase space, in contrast withI 351/2,
where the opposite occurs. This merely reflects the fact
the state with one quantum in the C–P stretch is loca
belowthe state with 2 quanta in the bend, whereas, due to
anharmonicities, the state with 1 quantum in the C–P stre
plus one quantum in the C–H stretch is locatedabovethe

FIG. 3. Plot, as a function of the action integralI, of the energy~top! and the
J/I ratio ~bottom! for the fixed points in the (J,c) surface of section atI 3

51/2. Energy values are drawn relative tov2(I 12) for the sake of clarity.
A J/I ratio of 0 corresponds to a pure bending motion and a ratio of 1
pure C–P stretching motion. Solid lines are used for the stable elliptic fi
points ~1E, 2E, and 3E! and dot–dashed lines for the unstable hyperbo
fixed points~2H and 3H!. The black dots indicate the positions of the ta
gent bifurcations~TB1 and TB2!. The vertical lines help visualizing the
location of the polyads (v3 ,i )5(0,20), ~0,24!, ~0,26!, and~0,30!.
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state with two quanta in the bend plus one quantum in
C–H stretch. More interesting is the fact that the C
stretch/bend character of the elliptic fixed points fluctua
much more widely forI 353/2 than forI 351/2. Whereas 1E
and 2E are created, respectively, as pure bending and
C–P stretching motions, the C–P stretch character is m
pronounced for 1E than for 2E in the whole range fromI
'5 to I'18. Moreover, and this will be of fundamenta
importance in the following discussion, the C–P stretch ch
acter of 1E decreases again sharply aroundI'20, whereas
nothing similar is observed forI 351/2. At I 526, corre-
sponding to the polyad (v3 ,i )5(1,24), the ratioJ/I is again
as low as 0.04.

At last, the same plot as Figs. 3 and 4, but forI 355/2,
that is v352, is given in Fig. 5. The general behavior
qualitatively the same as forI 353/2. In particular, a single
tangent bifurcation is observed atI 53.193 and E
510 276.28 cm21 @E56899.21 cm21 relative to v2(I
12)]. The clearest difference is that the C–P stretch/be
character of the elliptic fixed points fluctuates to a les
extent forI 355/2 than forI 353/2, and that the behavior o
theJ/I ratio is consequently much smoother. What also m
ters for the following discussion is that, atI 522, corre-
sponding to the polyad (v3 ,i )5(2,20), the elliptic fixed
point 1E behaves again as an almost pure bending mo
(J/I 50.05), whereas 2E is of a mixed character (J/I
50.60).

Let us now look more precisely at the wave functio

a
d

FIG. 4. The same as Fig. 3, but forI 353/2. The vertical line helps visual-
izing the location of the polyad (v3 ,i )5(1,24).
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plotted in the (q2 ,q1) plane. This choice of axes is assume
in order for the plots to look like the (g,r ) plots of Beck
et al.42 Selected wave functions in polyads (v3 ,i )5(0,20),
~0,24!, ~0,26!, ~0,30!, ~1,24!, and ~2,20! are plotted, respec
tively, in the upper and lower panels of Figs. 6, 7 and 8, e
contour plot being labeled in the upper right corner with t
positionm of the eigenstate in the polyad (m51 is the level
with lowest energy!. These figures compare directly to Fig
8, 10 and 13 of Ref. 42. On the other hand, it was shown
the previous section that the fixed points in the (J,c) surface
of section are also POs in the (q2 ,q1) plane. For the sake o
an easier comparison, the three or five POs are reprod
below each quantum wave function. Note that the mot
associated with 2H is a pure C–P stretching motion a
merges into the verticalq250 axis.

Following the pioneering works of Gutzwiller55–57 and
Heller,58,59 there have been several numerical applicatio
which have demonstrated the importance of POs in un
standing the localization of quantum wave functions inqi

space, which, in turn, is helpful for understanding spec
patterns.60–63 In particular, whenever the classical motion
a system with Fermi resonance is allowed to vary betw
two stable POs, it seems to be a rather general result tha
wave functions for polyadi evolve smoothly from a wave
function with i /2 nodes on one PO to another wave functi
with i /2 nodes on the other PO, and all the wave functions
between are straightforwardly assignable in terms of
number of nodes along these backbones. It is seen in

FIG. 5. The same as Figs. 3 and 4, but forI 355/2. The vertical line helps
visualizing the location of the polyad (v3 ,i )5(2,20).
,

h

n

ed
n
d

s,
r-

l

n
the

n
e
he

upper panel of Fig. 6 and in the two panels of Fig. 8 that t
is exactly what occurs for the polyads (v3 ,i )5(0,20),
~1,24!, and ~2,20!. Notice also how close these plots are
Figs. 8 and 13 of Ref. 42. It is easily verified, that the lowe
level (m51) in the polyad (v3 ,i )5(0,20) has ten nodes
along the PO with lowest energy, that is 2E, whereas
highest level (m511) has ten nodes along the PO with hig
est energy, that is, 1E. 2E and 1E being both of a mix
character, but with predominance of the C–P stretch for
and of the bend for 1E, the wave functions of the quant
eigenstates are also of a mixed character, with a larger C
stretch contribution to the lower one and a larger bend c
tribution to the higher one. Part of this description also ho
for the quantum polyads (v3 ,i )5(1,24) and~2,20!. The only
difference is that forI 353/2 andI 355/2 the PO with lowest
energy is 1E, which is an almost pure bending motion for
values ofI and I 3 of interest, whereas the PO with highe
energy is 2E, which is of a mixed nature. An important po
mentioned previously is that forI 353/2 the ratioJ/I de-
creases rapidly from 0.36 atI 518 to 0.06 atI 524 ~see Fig.

FIG. 6. Plots in the (q2 ,q1) plane of selected wave functions of the Ferm
resonance Hamiltonian in polyads (v3 ,i )5(0,20) ~upper panel! and
(v3 ,i )5(0,24) ~lower panel!. This figure compares directly with Fig. 8 o
Becket al. ~Ref. 42!. The positionm of each level in the polyad is indicated
in the upper right corner of the plots,m51 corresponding to the lowes
level in each polyad. Together with each wave function are also plotted
POs associated with the fixed points in the (J,c) surface of section at
(I 3 ,I )5(1/2,22) for (v3 ,i )5(0,20) and (I 3 ,I )5(1/2,26) for (v3 ,i )
5(0,24). Solid lines are used for the stable elliptic fixed points~1E, 2E, and
3E! and dot–dashed lines for the unstable hyperbolic fixed points~2H and
3H!. Notice that quantum nodal lines coincide with classical stable POs
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4!. This implies that forv351 the shape of the wave func
tions of the lowest levels in each polyad also varies rapi
from a mixed C–P stretch/bend character fori 516 to an
almost pure bend character fori 522, but that the distribution
of the nodes along the 1E and 2E backbones remains lar
unaltered for all these polyads. This is exactly what w
reported in Ref. 42. One therefore concludes here, thatfor
v351 the Fermi resonance Hamiltonian enables one to c
relate unambiguously the transition to an almost pure be
ing motion of the lowest levels in each polyad with t
change in the C–P stretch/bend character of the 1E (J,c)
elliptic fixed point. In contrast, it is verified in Fig. 5 that th
behavior ofJ/I for 1E is much smoother forI 355/2 than for
I 353/2, which, in turn, explains why no so sudden change
the shape of the quantum wave functions is detected for
polyads withv352.

In contrast, things are very different for the polya
(v3 ,i )5(0,24), ~0,26!, and~0,30!, because these polyads a
located above TB2 in Fig. 2, which means that there e
five fixed points, out of which three are stable elliptic one
aboveI 526, the lowest elliptic fixed point~3E! is associated
with an almost pure bending motion, the middle one~2E! is
principally a C–P stretch, while the highest one~1E! mixes
the C–P stretch and the bend in almost equal proport
~see Fig. 3!. One might then wonder how quantum wa
functions behave in such a case. The answer is to be foun
the lower panel of Fig. 6 and in the two panels of Fig.

FIG. 7. The same as Fig. 6, but for (v3 ,i )5(0,26) and (I 3 ,I )5(1/2,28)
~upper panel!, and (v3 ,i )5(0,30) and (I 3 ,I )5(1/2,32) ~lower panel!. This
figure compares directly with Fig. 10 of Becket al. ~Ref. 42!.
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what actually happens is that the quantum wave functi
evolve from a first one elongated along 3E to a second
elongated along 2E, and then to a third one elongated a
1E. A particularly clear illustration is provided by the polya
(v3 ,i )5(0,30): it is seen in the lower panel of Fig. 7 th
three states (m51, 4, and 16! are calculated with a 15-node
wave function. However, the transitionscannotbe as regular,
as in the case with only two POs, that is, the nodal patt
cannotevolve asi /2 nodes along 3E; theni /2-1 nodes along
3E and 1 node along 2E,..., and so on up toi /2 nodes along
2E, theni /2-1 nodes along 2E and 1 node along 1E,..., a
so on up toi /2 nodes along 1E. This would indeed requi
nearly twice the number of levels that are found in ea
polyad. Therefore, the evolution of the nodal pattern is n
essarily more confused. Nevertheless, the point that is c
mon to these three polyads, as well as to the higher ones,
that differs radically from what is observed up to polya
(v3 ,i )5(0,22), is that the lowest levels in each polyad b
have as almost pure bending motions, because they are
gated along 3E. It is stressed that the reason why the w
functions of the new type appear so suddenly is that
additional stable PO 3E arises from the bifurcation TB
which is a real discontinuity. One therefore concludes, he
that for v350 the Fermi resonance Hamiltonian enables
to correlate unambiguously the abrupt appearance of qu
tum states with almost pure bending character and the sim
taneous perturbations in the nodal patterns with the T

FIG. 8. The same as Figs. 6 and 7, but for (v3 ,i )5(1,24) and (I 3 ,I )
5(3/2,26) ~upper panel!, and (v3 ,i )5(2,20) and (I 3 ,I )5(5/2,22) ~lower
panel!. This figure compares directly with Fig. 13 of Becket al. ~Ref. 42!.
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tangent bifurcation in the (J,c) surface of section and th
creation of a new elliptic fixed point 3E.

It is to be noted that this latter result is close to th
reported in Ref. 42. Close, but not equivalent. Indeed,
discussed at the beginning of this section, the correlation
made in Ref. 42 between the appearance of the new w
functions and the bifurcations of thePOs of the three-
dimensional system instead of the bifurcations of the fi
points of the one-dimensional (J,c) system. Now, the POs of
the three-dimensional system were shown in the previ
section to be just the fixed points in the (J,c) surface of
section, but calculated atI 350, instead ofI 351/2, I 353/2,
or I 355/2. The characteristics~energy andJ/I ratio! of the
fixed points are plotted in Fig. 9 forI 350, as was done in
Fig. 3 for I 35I /2, in Fig. 4 for I 353/2 and in Fig. 5 forI 3

55/2. A comparison of these figures shows that the fix
points behave very similarly forI 350 andI 351/2, the main
difference being an overall energy shift of about 1700 cm21,
corresponding roughly tov3/2. This is the reason why th
correlation could be made in Ref. 42 between the abr
appearance of the new wave functions forv350 and the
bifurcations of the POs of the three-dimensional system
contrast, the behavior of the fixed points is basically differ
for I 350 and I 353/2 or I 355/2, so that no explanation
could be given for the sharp~but nevertheless smoother tha
for v350) transition to almost pure bending motions of t
lowest levels in the polyads withv351.

FIG. 9. The same as Figs. 3–5, but forI 350. The fixed points of the
one-dimensional (J,c) system are also periodic orbits of the thre
dimensional (pi ,qi) system~see the text!.
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A last point worth noting is that two clear difference
can be observed between the wave functions of the e
quantum states plotted by Becket al.42 and those of the
Fermi resonance Hamiltonian for the polyads (v3 ,i )
5(0,24) and~0,30!. The first difference deals with the low
est level (m51) of polyad (v3 ,i )5(0,24): indeed, its wave
function is elongated along 2E according to exact quant
calculations ~see the lower panel of Fig. 8 in Ref. 42!,
whereas it is almost aligned with 3E for the Fermi resona
Hamiltonian~see the lower panel of Fig. 6!. This is probably
due to the fact that the bifurcations are calculated at a so
what lower energy for the Fermi resonance Hamiltonian th
for the exact quantum Hamiltonian. For example, in Ref.
the bifurcation of the@r# family of POs is computed at 288
cm21 and the SN1 bifurcation at 16 755 cm21 above the
bottom of the well, whereas the corresponding bifurcatio
for the Fermi resonance Hamiltonian, that is, TB1 and T
at I 350, are computed at 2377 and 15 176 cm21. Therefore,
3E and the related quantum wave functions appear some
sooner than expected for the Fermi resonance Hamilton
The second difference is observed for the fourth levelm
54) of polyad (v3 ,i )5(0,30): its wave function is elon-
gated along 2E for the Fermi resonance Hamiltonian~see the
lower panel of Fig. 7!, whereas it has a very complex nod
pattern according to exact quantum calculations~see the
lower panel of Fig. 10 in Ref. 42!. At the present time, the
reason for this difference is not clearly understood.

IV. UNSTABLE FIXED POINTS AND THE DIP IN THE
GAP BETWEEN NEIGHBORING QUANTUM
LEVELS

In a recent paper,64 Kellman and co-workers noted tha
‘‘according to the correspondence principle, the classical
quency corresponds to the difference in energy of adjac
levels.’’ Therefore, these authors point out that ‘‘a dip in t
level spacings is a characteristic spectral pattern indicativ
the basic element of phase space structure, a separa
@separatrix in this context means hyperbolic fixed point in
(J,c) surface of section#. Beck et al.42 did observe such a
dip in the spectrum of HCP~see Fig. 12 of Ref. 42!, but,
having in hand only the exact Hamiltonian, were unable
make an unambiguous discussion in terms of separatr
and just concluded that this point should ‘‘be investigated
the future.’’ This is precisely the purpose of this sectio
However, instead of decreasing artificially the value of\ as
in Ref. 64, use will be made in the present paper of
energy behavior of the last action integralT2 and of the
corresponding EBK quantization rule in Eq.~II.16!.

The energy gap between the (m11)th and themth lev-
els is plotted in Fig. 10 as a function ofm for the polyads
(v3 ,i )5(0,20), (v3 ,i )5(1,24), and (v3 ,i )5(0,30). It is
seen that each one of these three polyads displays a diffe
behavior: For (v3 ,i )5(0,20), the gaps increase regularly f
all the values ofm exceptm51, but the dip is hardly notice-
able. In contrast, the gaps decrease fromm51 to m57 and
then increase again fromm57 to m512 for (v3 ,i )
5(1,24), so that the dip appears very clearly. It is noted t
the slopes are almost identical on both sides of the dip.
last, the gaps decrease fromm51 to m54 before increasing
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again up tom515 for (v3 ,i )5(0,30). In this later case, th
slopes are very different, the gap increasing much more
idly on the low-energy side of the dip than on the hig
energy side. The question is the following: how is it possi
to interpret these results in terms of classical dynamics?

A first remark is that the classical picture is fundame
tally the same for the polyads (v3 ,i )5(0,20) and (v3 ,i )
5(1,24). It was shown in the previous section that in bo
cases the phase space consists of a hyperbolic fixed poin
located, from the point of view of energy, between two
liptic fixed points 1E and 2E. As can be seen in Figs. 3 a
4, the only real difference arises in the relative positions
these fixed points. Indeed, the hyperbolic fixed point is
ergetically very close to one of the elliptic fixed points f
(v3 ,i )5(0,20), whereas it lies approximately in the midd
of the two elliptic fixed points for (v3 ,i )5(1,24). This can
be ascribed to the anharmonicities, which bring the C
stretch and the bend in much closer resonance forv351 than
for v350: the uncoupled states (v1 ,v2 ,v3)5(1,0,0) and
(v1 ,v2 ,v3)5(0,2,0) are located, respectively, at 4228.
and 4264.92 cm21 above the bottom of the well according
Eq. ~II.4! and Table I, being thus separated by about
cm21, whereas the states (v1 ,v2 ,v3)5(1,0,1) and
(v1 ,v2 ,v3)5(0,2,1) are found at 7554.94 and 7553.
cm21, the offset to resonance reducing to less than 2 cm21,
and changing even sign. When dealing with a Fermi re
nance, it is a very general observation that the closer
resonance to being exact, the closer the hyperbolic fi
point ~or separatrix! to the center of the accessible ener
range.

FIG. 10. Plot, as a function of the positionm in the polyad, of the energy
gap between levelsm and m11 for polyad (v3 ,i )5(0,20) ~bottom!,
(v3 ,i )5(1,24) ~middle! and (v3 ,i )5(0,30) ~top! for both the exact and
Fermi resonance Hamiltonians. The dot–dashed vertical lines indicate
positions of those classical fixed points, which do not lie at the limits of
classically accessible energy range.
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A deeper understanding of what occurs is provided
Fig. 11 for (v3 ,i )5(0,20) and Fig. 12 for (v3 ,i )5(1,24).
The top parts of these figures represent the variations of
last action integralT2 as a function of energy for the corre
sponding values (I 3 ,I )5(1/2,22) and (I 3 ,I )5(3/2,26).
Each point on these curves represents a different traject
T2 is always equal to zero at an elliptic fixed point an
discontinuous at an hyperbolic fixed point. Moreover, t
classical frequencyv* associated withT2 goes to zero at the
separatrix, so that, according to Eq.~II.15!, the slope ofT2 as
a function ofE increases as one approaches the separatri
whatever side. On the other hand, the quantizing trajector
that is, the trajectories associated with each quantum s
through the EBK quantization rules in Eqs.~II.12! and
~II.16!, are the trajectories with half-integral values ofT2 .
They are marked by black dots in Figs. 11 and 12. It is wo
noting that for the Fermi resonance Hamiltonian the agr
ment is excellent between the quantum and the semiclas
energy levels, the largest error for the three polyads d
cussed in this section being smaller than 4 cm21. Due to the
larger slope ofT2 as a function ofE around the separatrix
and to the equal spacing of the levels as a function ofT2 , the
assumption thatv* varies monotonously on both sides of th
separatrix leads to the conclusion that the gap betw
neighboring levels necessarily decreases between the el

he
e

FIG. 11. Plot of the action integralT2 as a function of energy for (I 3 ,I )
5(1/2,22) ~top!. Black dots correspond to half integral values ofT2 and are
the ‘‘quantizing trajectories’’ or ‘‘semiclassical levels’’ associated with th
quantum levels of polyad (v3 ,i )5(0,20). Classical phase space picture
the polyad (v3 ,i )5(0,20): the quantizing trajectories associated with all t
levels of the quantum polyad are plotted in the (J,c) plane, together with
the classical fixed points of the system~bottom!.
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fixed point with the lowest energy and the separatrix, whil
increases between the separatrix and the elliptic fixed p
with the highest energy. This is easily visualized in Figs.
and 12, and this is the cause for the dips that appear in
10. Then, it is also clear that the difference, which is o
served in the plots of the gaps between neighboring leve
Fig. 10, only arises from the fact that for the polyad (v3 ,i )
5(0,20) there is only one level on one side of the separa
but there are ten on the other side~see Fig. 11!, whereas for
the polyad (v3 ,i )5(1,24) there are seven on one side a
six on the other one~see Fig. 12!. The quantizing trajectories
are further plotted in the (J,c) plane in the bottom parts o
Figs. 11 and 12, together with the hyperbolic and ellip
fixed points. It is seen that these Poincare´ surfaces of section
compare well.

The same plots as in Figs. 11 and 12 are given in Fig
for the polyad (v3 ,i )5(0,30), that is (I 3 ,I )5(1/2,32). It is
seen that the situation looks more complex, mainly beca
there exist more fixed points~five instead of three! and con-
sequently, more branches in the plot ofT2 as a function ofE
~four instead of two!. There even exist a small energy rang
between 2E and 3H, where two trajectories share the s
values ofE, I, and I 3 but have different values ofT2 . This
point has already been discussed in some de
elsewhere.50–52 However, this increased complexity happe
to be of little consequence here, because three out of the
fixed points ~2E, 2H, and 3H! are localized in an energ
range narrower than 70 cm21 and encompass only two leve
(m54 andm55). Moreover, the frequencyv* admittedly

FIG. 12. The same as Fig. 11, but for (I 3 ,I )5(3/2,26) and (v3 ,i )
5(1,24).
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vanishes both at 2H and 3H, but levels other thanm54 and
m55 do not even notice that there are two separatrices
stead of a single one, because the gap between 2H and 3
as small as 20 cm21. So, the general discussion in the prev
ous paragraph does apply to the two branches, which ex
left to 3H and right to 2H, and one principally observes a d
near the common position of 2H and 3H. More interesting
the fact that the slope ofT2 as a function ofE is much
smaller below the hyperbolic fixed points than above the
Keeping with the arguments in the previous paragraph,
is the reason why the gaps between neighboring levels
much larger on the low-energy side of the polyad than on
high-energy side, and the dip is no longer symmetric. Lo
ing at the bottom part of this figure further proves that t
unusually flat behavior ofT2 is caused by the appearance
a new kind of trajectories, which are located on theT2

branch that appears at the tangent bifurcation TB2 and
tends from 3E to 3H, and involve principally the bendin
motion. Therefore, the large energy gaps observed on
low-energy side of the dip are just the quantum signature
the fact, that one has to increase considerably the energ
order to increase significantly the area below this new k
of classical trajectories.

V. CONCLUSION

In the present article we have demonstrated that mos
the features, which were empirically found in the vibration
wave functions and energy levels of the exact quantum

FIG. 13. The same as Figs. 11 and 12, but for (I 3 ,I )5(1/2,32), and
(v3 ,i )5(0,30).
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chanical calculations, can be reproduced by an anal
based on high-order perturbation theory and a resona
Hamiltonian. More important than merely reproducing t
exact quantum calculations, however, is that the observat
can be elegantly interpreted and explained, within the
proximate dynamical model, in terms of classical perio
orbits and semiclassical quantization.

HCP turns out to be a unique system for studying lar
amplitude angular motion~i.e., isomerization! in a poly-
atomic molecule from several perspectives. First, it is su
ciently small to warrant a basically exact quantu
mechanical treatment, both for total angular momentumJ
equal to and different from 0. Second, the vibrational dyna
ics as obtained from the quantal calculations show sev
interesting aspects, which were unexpected when the t
retical work started, and that reflect some general nonlin
effects, namely the saddle-node bifurcations. Third, sev
of the observations can be interpreted by means of clas
mechanics using the exact Hamiltonian and periodic orbit
the full space. Fourth, semiclassical mechanics based o
approximate, yet highly accurate Hamiltonian provide ev
deeper insight into the highly excited vibrational motio
Last but not least, the highly excited states of HCP can a
be studied experimentally by stimulated emissi
pumping.65,66 Actually, the quantum mechanical calculatio
were originally inspired by the experimental findings in R
65, namely, the sudden occurrence of perturbations in
expected position of pure bending states and the simu
neous abrupt change of some fine structure parameters~like
rotational constants!. Subsequently, the predictions of th
calculations lead the spectroscopists to investigate a
these new states and their characteristic behavior.66

Although realistic, the potential energy surface used
the calculations up to now is not accurate enough to allo
direct comparison between theory and experiment. At
present time, a new potential is under construction, wh
hopefully reproduces the measured vibrational levels
fine structure constants sufficiently well to enable a uniq
correlation between measured and calculated levels. Thu
the near future we will be in the position to look at th
‘‘simple’’ triatomic molecule from all possible angles: exa
quantum mechanics, exact classical mechanics, perturb
theory combined with an effective spectroscopic Ham
tonian and a semiclassical analysis, and high-resolution s
troscopy. This should lead to a most detailed understand
of highly excited vibrational motion for this prototype mo
ecule.
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